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vertex set
edge set

e I' = (X, R) : a Q-polynomial distance-regular graph
0 eg., (6216,)/6,, Guin/(6, x &)
@ induces polynomials in the Askey scheme [Leonard (1982)]
e ultimate goal: to classify all such graphs [Bannai-lto (1984)]

@ X512 — T =T(x): the Terwilliger algebra /C

@ non-commutative
o finite-dimensional, semisimple

*
o generators 4, A" 4 agjacency matrix tensor products of
adjacency matrix evaluation modules

@ W : anirreducible T-module — /Al|w, A*|w : a tridiagonal pair
o classified when ¢ not a root of unity [lto-Terwilliger (2010)]
e constructed in this case from Uq(sAIQ)-moduIes
e parametrized in the general case [lto-Nomura—Terwilliger (2011)]
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I' = (X, R) : afinite connected simple graph
o X :the vertex set
o R :the edge set (= a set of 2-element subsets of X)

@ 0 : the path-length distance on X

X=X X, Xy Xia X YEX

@ D :=max{d(z,y) : z,y € X} : the diameter of I'
@ I'i(x) :={y € X :0(zx,y) =i} :thei'™ subconstituent w.rt. =
o F(aj‘) = Fl(.%')
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@ I': distance-regular
ety Jda;, bi,c; (0<i< D) s.t.Ve,ye X:

o [Iimi(@)NT(y)|=c
o Ii(x)NT(y)| =a;
o Dip1(@)NT(y)| = b;

where 0(z,y) = i.

1—‘i+l (x)

-

=
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For the rest of the talk, we assume that I is distance-regular!! )

T (x) IMEY) I

A

o

@ I': regular with valency k = by = |I'(x)]
@ ((T") :={bo,b1,...,bp_1;c1,¢C2,...,cp} : the intersection array of T
[Note: a; +b;+c¢; = ]{I]
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Example (the D-cube Qp)
e X ={0,1}"

def .
@ x=(x1,...,2p) ~y= (Y1,---,YD) PLUN Hi:zi £y} =1

0 o, o, o,
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@ CX*X : the set of square matrices over C index by X
@ The ‘" distance matrix 4; € CX*X is

1 if O(z,y) =1,
Az‘ Ty — . Y € X).
(Ao {0 otherwise, @,y € X)

[Note: Ay = 1]
@ A:= A, : the adjacency matrix of T"
@ Ay, Ay,...,Ap satisfy the three-term recurrence

A-Ay=bi1Ai1+ ;A + el (0<i< D)

where A_1 = Ap,; :=0.
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@ Recall

A-Aj=bi 1A+ aiAi + el (0<i< D).

@ A := C[A] c CX*X : the adjacency algebra of I
o A=Ay Ay,...,Ap)
e A has D + 1 distinct eigenvalues 6q,61,...,0p € R.
e (") determines A algebraically.
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@ Recall

@ 0y,01,...,0p € R : the distinct eigenvalues of A
e T": regular with valency k = by = |T'(x)]

@ Always set 6y = k.

@ [, € CX*X : the orthogonal projection onto the eigenspace of 4,
[Note: Ey = ﬁ] (J : the all-ones matrix) ]

@ A=C[A] = (Ay,A1,...,Ap) = (Ey, Er,...,Ep)

@ Fy, E1,..., Ep :the primitive idempotents of A
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@ Recall

N

A-A;=bi1Ai1+aidi +cimdiq (0<i<D).

@ I' : Q-polynomial w.r.t. {E}2 , (or {6,}1,)
&L 302,08, ¢k (0< L < D) st bi_c; #0 (1< < D) and
‘X| EioE, = bz_lEg,1 + aZEg + CZ+1E3+1 (0 <I< D)
where F_; = Epy1 :=0 and o is the entrywise product.
@ Ay, Aq,...,Ap : the primitive idempotents of A w.r.t. o

@ I' = Qp is Q-polynomial w.rt. 6y > 61 > --- > Op.
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We will always assume that I" is @Q-polynomial as above!! J

@ Recall

A-Ai=bi1Ai1+ a;Ai + cip1Aipr (0
| X|EvoEe=by_1Ep1+apEp+ ¢ Eevr (0

gl\D)a
<< D).

@ These three- term recurrences define two systems of orthogonal
polynomials {f;}2, and {f;}1,.

Theorem (Leonard (1982); Bannai—Ito (1984))
@ The f; and the f; belong to the Askey scheme.
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@ Fix a base vertex z € X.
@ The i*! dual idempotent Ef = Ef(z) € CX*X is

1 if y=zeTi(z)
E; = ’ ,2 € X).
By {0 otherwise, y )
') To(x) eeeee- C(x) eeeee- Tpx)
N
- A 4
X \
[ ] i ............
0 0 0 eeeeee 1 eeeeee 0

@ T =T(z) =C[A Ej,...,E}) : the Terwilliger algebra of I w.r.t. =
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@ Recall
T=T(x)=C[AEj,...,Ep].

@ The dual adjacency matrix A* = A*(z) € C**X is

| X|(E1)zy i y=z,
A", = ’ ,ze X).
(A%, {0 otherwise, (y,2 € X)

o T =C[A, A"].

@ Recall | X|Ej0E; = b}:lEg_l = a;Eg aF CerlEg_H (0< < D).

@ A, A* act on irreducible T-modules as tridiagonal pairs. \

O
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@ The representation theory of T' has been developed by Terwilliger,
Ito, and others;

@ ... and has been used, e.g., in

e the classification of .(I') when T' is bipartite (Caughman (2004) for
D > 12; Miklavi¢ (2018) for D > 9)

e the characterization of T by «+(T") (Gavrilyuk—Koolen (2015) for
pseudo-partition graphs; G.—K. (2018) for Grassmann graphs)
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@ The subclass of bipartite @-polynomial DRGs is very special ...

Q-polynomial DRGs

bipartite O-polynomial DRGs

@ ... inthat ((I") determines T algebraically when I" is bipartite
(Caughman, 1999).

PSpyp 2 (Fq) x &2 PGOJ,(Fy)
@ The Hemmeter graphs and the bipartite dual polar graphs are
non-isomorphic but share the same «(I"), so T" cannot distinguish
these two families!!
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We will further assume that I is bipartite!!
... and apply our general theory to this case.

@ Fix a base edge e € R.

T'y(e) Lye) eveve- T, Tpae)

IGH ...... GG

@ The i'" dual idempotent Ef = E}(e) € C**X is

1 if y==zeTi(e),
EN, . = ,z€ X).
(Es, {0 otherwise, (v f [)S ¢ 0005
/C. UZUKI
@ T=T(e)=C[A Ej,...,E},_,] : the Terwilliger algebra of I" w.r.t. e
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@ Recall
T=T(e)=C[AE;,...,Ep_q].

@ Define the dual adjacency matrix A* = A*(e) € CX*X by

A* = A*(e) = %ZA*@).

ree

@ T = C[A, A*], with two exceptions for each D > 3.

@ A, A* act on irreducible T'-modules as tridiagonal pairs, unless T’
is one of the two exceptions.
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@ T'(e) distinguishes the Hemmeter graphs and the bipartite dual
polar graphs!!

non-edge-transitive edge-transitive
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@ W : anirreducible T-module

@ de,e*,d st.

{i : EfW #0} ={e,e+1,...,e+d},
{£: EW #£0}={e*,e"+1,...,e" +d}.

@ We may use the following diagrams:
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@2 +d>D—-1 «— c>D-1-¢—-4d

=" — Q W :thin, ie,dime =1 forall ®. < evaluation module
@ The structure of W is determined by .(T'), e, and £*.

E, E e E, ert Epgy By E,, E,,
— o —0o—9
€ D—-1-e-d

@ W:short €% 9- 4 d=D—1
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@ We claim that the subclass of 2-homogeneous bipartite DRGs is
very special:

-polynomial DRGs bipartite O-polynomial DRGs
O-poly

bipartite O-polynomial DRGs 2-homogeneous bipartite DRGs
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@ I': 2-homogeneous

L By s Sb Yo,y € X With 9(z,y) =2 & Vz € Ty(x) NT5(y) :

IT(2) NTr(2) NTs(Y)| = Pigirs

Theorem (Curtin (1998))

@ TFAE:

@ I :2-homogeneous
@ T : Q-polynomial and antipodal (double cover)

ITp(x)] =1
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Theorem (Nomura (1995))

@ I/fT' is 2-homogeneous then I is one of the following:
the D-cube Qp,

Ky, 1, minus a perfect matching (D = 3),

a Hadamard graph (D = 4),

D =5 and

(61,62703704,C5> = (1,M,k - ,uvk - 17k)a bi = C5—4 (0 < { < 4)a

where k=t(t> +3t+1),u=t(t+1),and 2<t € Z.

@ SupposeT is 2-homogeneous.
@ Then ((T") determines T'(e) algebraically.
@ Moreover, every irreducible T'(e)-module is short.
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Consider a general Q-polynomial DRG I'. J

@ Y C X : anon-empty subset of X

@ \ € C¥ : the characteristic vector of Y’

@ w = max{i: x'A;x # 0} : the width of Y’

@ w* =max{l: x"Eyx # 0} : the dual width of Y

= <
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Theorem (Brouwer—Godsil-Koolen—Martin (2003))

@ w+w*>D.

@ “=" — The subgraph induced on Y is a Q-polynomial DRG
with diameter w, with at most three exceptions for each
D > 3.

@ Y : adescendent of T’ <d:6f> w+w* =D
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@ Y = {z} : adescendent with w =0 (Vz € X)

Example
@ I': bipartite
@ Y = e e R :adescendent with w =1

A,

Example
eI'=09p
@ Q; C 9p (an i-dimensional face) : a descendent with w =i

TR E
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@ Y :adescendent of I
@ Define T = T(Y) similarly.
@ Define the dual adjacency matrix A* = A*(Y) € CX*X by

A* = A¥(Y) = Illfl > A*(a).

zeY

@ T = C[A, A*], with at most three exceptions for each D > 3.

@ A, A* act on irreducible T-modules as tridiagonal pairs, unless T’
is one of the exceptions.
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@ Z CY C X :two descendents of I with w(Y) = w(Z) + 1

@ We can capture (part of) the non-symmetric Askey scheme in
terms of C[A, A*(Y), A*(Z)] (cf. Lee (2017); Lee—T. (2018)).

x w(Z)=0

w(Y)=1
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Askey scheme

@ ¢-Hypergeometric orthogonal polynomials, part 11

Askey-Wilson
Continuous Continuous B bi
dual ahn g-Hahn acopi
Al-Salam ¢-Meixner Continuous Big Little
Chihara Pollaczek ¢-Jacobi ¢-Laguerre q-Jacobi
Continuous Continuous Little L
big ¢-Hermite g-Laguerre g-Laguerre g-Laguerre
Continuous Stieltjes
g-Hermite Wigert

1 taken from: R. Koekoek, P. A. Lesky, and R. F. Swarttouw, Hypergeometric orthogonal polynomials and their

g-analogues, Springer-Verlag, Berlin, 2010.
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Askey scheme

@ ¢-Hypergeometric orthogonal polynomials, part 2+

. ) Dual
Blg q-JaCObI
Meixner Quantum Krawtchouk Affine Dual
¢-Meixne ¢-Krawtchouk g-Kraw u q-Krawtchouk g-Krawtchouk
B | Char Al-Salam Al-Salam
-Besse -Charlier - -
e 1 Cariitz | Cariitz Il
screte Discrete
g-Hermite | g-Hermite 1l

1 taken from: R. Koekoek, P. A. Lesky, and R. F. Swarttouw, Hypergeometric orthogonal polynomials and their

g-analogues, Springer-Verlag, Berlin, 2010.
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Askey scheme

@ Hypergeometric orthogonal polynomials?

Continuous Continuous
[ dual Hahn } [ Hahn } [ Hahn } [ Dual Hahnj
Meixner ) Pseudo )
- Jacobi - Meixner Krawtchouk
Pollaczek Jacobi
[ Laguerre J [ Bessel j [ Charlier j

1 taken from: R. Koekoek, P. A. Lesky, and R. F. Swarttouw, Hypergeometric orthogonal polynomials and their

g-analogues, Springer-Verlag, Berlin, 2010.
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Askey scheme

@ (—1)-Hypergeometric orthogonal polynomials

[ Bannai-Ito } E)omplem.entarﬂ
Bannai-Ito
. . Dual .
{B|g-1 Jacobl}{ _1 Hahn }[ Chihara }

Little -1 Jacobi
Generalized \
Hermite

[Caution] may be incomplete or wrong!

The polynomials with ¢ = —1 have recently been actively studied by
Alexei Zhedanov and others.
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oV =C_C"
@ A, A* € C™*™ : diagonalizable
@ 1y, V1,..., V4 : an ordering of the eigenspaces of A
e Vi, Vi, ..., Vi an ordering of the eigenspaces of A*
@ A, A* : atridiagonal pair
def
0 AV CVE +Vr+V (0<i<d),
o AV, CVii+Vi+Vigzr (0<i<a),
e Visirreducible as a C[A, A*]-module,

where Vi = Vg = V2, = Vi | =0,
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